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DIMENSIONAL BOUNDS FOR ANCIENT CALORIC FUNCTIONS ON
GRAPHS
BOBO HUA
Abstract. We study ancient solutions of polynomial growth to heat equations on
graphs, and extend Colding and Minicozzi’s theorem [CM19] on manifolds to graphs:
For a graph of polynomial volume growth, the dimension of the space of ancient solu-
tions of polynomial growth is bounded by the product of the growth degree and the
dimension of harmonic functions with the same growth.
1. Introducton
For a (complete) Riemannian manifold M and k > 0, we denote by Hk(M) the space of
harmonic functions u satisfying that there are some p ∈ M and a constant Cf depending
on f such that
sup
x∈BR(p)
|f(x)| ≤ Cf (1 +R)
k, ∀ R ≥ 1,
where BR(p) is the ball of radius R centered at p. This is the space of harmonic functions
of polynomial growth on M with the growth degree at most k.
LetN be a Riemannian manifold with nonnegative Ricci curvature. In 1975, Yau [Yau75]
proved the Liouville theorem that any positive harmonic function on N is constant. Yau
conjectured that for any k > 0 the space Hk(N) is finite-dimensional, see e.g. [Yau87,
Yau93]. This conjecture was settled in [CM97a], see also [CM97b, CM98b, CM98a, Li97,
CCM95, LT89] for related results.
A natural generalization is to consider ancient solutions, defined on the time interval
(−∞, 0], of polynomial growth to heat equations. For a Riemannian manifold M and
k > 0, we denote by Pk(M) the space of ancient solutions u(x, t) satisfying that there are
some p ∈M and a constant Cu such that
sup
BR(p)×[−R2,0]
|u| ≤ Cu(1 +R)
k, ∀ R ≥ 1.
Calle [Cal06, Cal07] initiated the study of dimensional bounds for Pk(M). For an n-
dimensional Riemannian manifold N with nonnegative Ricci curvature, Lin and Zhang
[LZ17] proved that
dimPk(N) ≤ Ck
n+1, k ≥ 1.
Recently, Colding and Minicozzi [CM19] proved the following general result, which yields
the improvement of Lin and Zhang’s result,
dimPk(N) ≤ Ck
n, k ≥ 1.
Theorem 1.1 ([CM19]). If there are p ∈M, constants C, dV such that
Vol(BR(p)) ≤ C(1 +R)
dV , ∀R ≥ 1,
then
dimP2k(M) ≤ (k + 1) dimH2k(M), ∀k ≥ 1.
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Harmonic functions of polynomial growth on graphs have been extensively studied by
many authors, e.g. [Del98, Kle10, ST10, Tao, HJLJ13, HLLY14, BDCKY15, HJL15, HJ15b,
HJ15a, MPTY17]. In this paper, we study ancient solutions of polynomial growth to heat
equations on graphs. We will generalize Colding and Minicozzi’s theorem, Theorem 1.1, to
discrete spaces, as proposed in [CM19]. 1
We recall the setting of weighted graphs. Let (V,E) be a locally finite, simple, undirected
graph. Two vertices x, y are called neighbours, denoted by x ∼ y, if there is an edge
connecting x and y, i.e. {x, y} ∈ E.We denote by d the usual combinatorial graph distance,
that is, d(x, y) := inf{n|x = z0 ∼ ... ∼ zn = y}, and by
BR(x) := {y ∈ V : d(y, x) ≤ R}
the ball of radius R > 0 centered at x. Let
w : E → (0,∞), {x, y} 7→ wxy = wyx,
be the edge weight function. For any vertex x, the weighted vertex degree is defined as
µx :=
∑
y∈V :y∼x
wxy.
Hence (V, µ) can be regarded as a discrete measure space. For any Ω ⊂ V, we denote by
µ(Ω) :=
∑
x∈Ω µx the µ-measure of Ω. We call the triple G = (V,E,w) a weighted graph.
For a weighted graph G and any function f : V → R, the Laplace operator ∆ is defined
as
∆f(x) :=
∑
y∈V :y∼x
wxy
µx
(f(y)− f(x)) , ∀x ∈ V.
A function f on V is called harmonic if ∆f = 0. Let R− := (−∞, 0]. A function u(x, t) on
V × R− is called an ancient solution to the heat equation if
∂
∂t
u(x, t) = ∆u(x, t), ∀x ∈ V, t ∈ R−.
We denote by Hk(G) the space of harmonic functions of polynomial growth on G with
the growth degree at most k, i.e. f ∈ Hk(G) if ∆f = 0 and there are some x0 ∈ V and a
constant Cf such that
sup
x∈BR(x0)
|f(x)| ≤ Cf (1 +R)
k.
We denote by Pk(G) the space of ancient solutions of polynomial growth to heat equation
with the growth degree at most k, i.e. u ∈ Pk(G) if ∂tu = ∆u on V × R− and for some
x0 ∈ V and a constant Cu, such that
sup
(x,t)∈BR(x0)×[−R2,0]
|u(x, t)| ≤ Cu(1 +R)
k.
The following is the main result of the paper.
Theorem 1.2. For a weighted graph G, if for some x0 ∈ V, α > 0 and C > 0, such that
µ(BR(x0)) ≤ C(1 +R)
α, ∀R ≥ 1,
then for all k ≥ 1,
dimP2k(G) ≤ (k + 1) dimH2k(G).
Remark 1.1. (1) This extends Theorem 1.1 to the discrete setting.
1“We expect that the proof of Theorem 0.3 (see Theorem 1.1 in this paper) extends to many discrete
spaces, allowing a wide range of applications”, quoted from [CM19].
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(2) By this theorem, one can derive dimensional bounds of ancient solutions of poly-
nomial growth via those of harmonic functions of polynomial growth. By applying
this result, we get dimensional bounds of ancient solutions of polynomial growth
on many graphs, such as graphs satisfying the volume doubling property and the
Poincare´ inequality, e.g. Cayley graphs of nilpotent groups, graphs satisfying the
curvature dimension condition CDE′(0, n) for some finite n [HLLY14], and planar
graphs with nonnegative combinatorial curvature [HJL15].
(3) By the calculation of caloric polynomials on the integer lattices Zn, the estimate
in Theorem 1.2 is sharp in the order of k, k →∞, see the Appendix.
For the proof of the theorem, we closely follow the arguments in Lin and Zhang [LZ17],
and Colding and Minicozzi [CM19]: We first prove the Caccioppoli type inequality to the
heat equation on graphs, and use it to conclude that higher order time derivatives of an
ancient solution u of polynomial growth vanish. This yields a decomposition of u, i.e. u
is a polynomial in time. Then a tricky dimensional counting argument implies the result.
Our contribution is the proof of a discrete analog of the Caccioppoli type inequality to the
heat equation, see Theorem 2.2. For the desired estimate, some additional terms appear in
the discrete setting, such as ∑
x,y∈V :y∼x
wxy|u(y, 0)− u(x, 0)|
2,
see (6). Its continuous counterpart is
∫
|∇u|2 for t = 0. Using the discrete feature, which
is related to the boundedness of the Laplacian on graphs, we estimate it by the quantity∑
x∈V µx|u(x, 0)|
2. This quantity was unnecessary, and hence dropped in the continuous
setting, see (4) and [CM19, (1.4) and (1.5)].
The paper is organized as follows: In the next section, we prove the Caccioppoli type
inequality for the heat equation on graphs. In Section 3, we give the proof of Theorem 1.2.
In the Appendix, we calculate the dimension of caloric polynomials on Zn.
In this paper, for simplicity the constant C may change from line to line.
2. Caccioppoli type inequality for heat equations
Let G = (V,E,w) be a weighted graph. For convenience, we extend the edge weight
function w to V × V by setting wxy = 0 for any x 6∼ y. In this way, for a function f on V
we may write ∑
y∈V
wxyf(y) =
∑
y∈V :y∼x
wxyf(y).
For any Ω ⊂ V, we write∑
Ω
f :=
∑
x∈Ω
f(x)µx,
∑
f :=
∑
x∈V
f(x)µx,
whenever they make sense. The difference operator ∇ is defined as
∇xyf = f(y)− f(x), ∀x, y ∈ V.
The following proposition is elementary.
Proposition 2.1.
∇xy(fg) = f(x)∇xyg + g(y)∇xyf. (1)
The “carre´ du champ” operator Γ is defined as
Γ(f)(x) =
1
2
∑
y∈V
wxy
µx
(f(y)− f(x))2, x ∈ V.
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So that Γ(f) is a function on V. This is a discrete analog of the norm squared of the gradient
of a C1 function f on a manifold, i.e. |∇f |2.
The following Green’s formula is well-known, see e.g. [Gri18, Theorem 2.1].
Theorem 2.1. For any f, g : V → R, if g is of finite support, then
1
2
∑
x,y
wxy∇xyf∇xyg = −
∑
x∈V
∆f(x)g(x)µx. (2)
From now on, we fix x0 ∈ V as a base vertex. We write BR := BR(x0), R > 0, for
simplicity. We denote by QR := BR × [−R
2, 0] the parabolic cylinder of size R at (x0, 0).
For a space-time function u(x, t) on V × R−, we denote∫
QR
u :=
∫ 0
−R2
∑
x∈BR
u(x, t)µxdt.
For any t0 ∈ R−, we write
∑
Ω
u
∣∣∣∣∣
t=t0
:=
∑
x∈Ω
u(x, t0)µx.
The following is the Caccioppoli type inequality to the heat equation on graphs, see e.g.
[LZ17, (3.12)] and [CM19, (1.2)] for the continuous setting.
Theorem 2.2. There is a universal constant C such that for any ancient solution ut = ∆u
and R ≥ 1,
R2
∫
QR
Γ(u) +R4
∫
QR
u2t ≤ C
∫
Q36R
u2. (3)
Proof. We follow the proof strategy in the continuous setting, see e.g. [CM19]. Some
modifications for the discrete setting are needed. For any R > 0, we denote by
η(x) := 0 ∨
(
2−
d(x, x0)
R
)
∧ 1
the cut-off function on B2R. It is easy to see that η is supported in B2R, and takes constant-
value 1 on BR. Moreover, |∇xyη| ≤
2
R
, for any x ∼ y.
We first estimate
∫
QR
Γ(u).Multiplying 4η2u on both sides of the heat equation ut = ∆u,
and summing over the space V, we have
d
dt
(
2
∑
η2u2
)
=
∑
4η2u∂tu = 2
∑
η2u∆u = −
∑
x,y
wxy∇xyu∇xy(η
2u)
= −
∑
x,y
wxy∇xyu(η
2(x)∇xyu+ u(y, t)∇xy(η
2))
= −
∑
x,y
wxy|∇xyu|
2η2(x) −
∑
x,y
wxyu(y, t)∇xyu∇xyη(2η(x) +∇xyη)
= −
∑
x,y
wxy|∇xyu|
2η2(x) − 2
∑
x,y
wxyη(x)u(y, t)∇xyu∇xyη −
∑
x,y
wxyu(y, t)∇xyu|∇xyη|
2.
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where we used the Green’s formula (2) in the second line. For the last term on the right
hand side of the above inequality, by swapping x and y, the symmetry yields that
−
∑
x,y
wxyu(y, t)∇xyu|∇xyη|
2 = −
1
2
∑
x,y
wxy(u(y, t)− u(x, t))∇xyu|∇xyη|
2
= −
1
2
∑
x,y
wxy|∇xyu|
2|∇xyη|
2 ≤ 0.
Dropping this term, we get
d
dt
(
2
∑
η2u2
)
≤ −
∑
x,y
wxy|∇xyu|
2η2(x)− 2
∑
x,y
wxyη(x)u(y, t)∇xyu∇xyη
≤ −
∑
x,y
wxy|∇xyu|
2η2(x) +
1
2
∑
x,y
wxy|∇xyu|
2η2(x) + 2
∑
x,y
wxyu
2(y, t)|∇xyη|
2
= −
1
2
∑
x,y
wxy|∇xyu|
2η2(x) + 2
∑
x,y
wxyu
2(y, t)|∇xyη|
2.
where we used 2ab ≤ 12a
2 + 2b2. For R ≥ 1, integrating this in time from −R2 to 0, and
using the properties of η, we get
2
∑
BR
u2
∣∣∣∣∣
t=0
+
∫
QR
Γ(u) ≤ 2
∑
η2u2
∣∣∣
t=0
+
1
2
∫ 0
−R2
∑
x,y
wxy|∇xyu|
2η2(x)
≤ 2
∫ 0
−R2
∑
x,y
wxyu
2(y, t)|∇xyη|
2dt+ 2
∑
η2u2
∣∣∣
t=−R2
≤
8
R2
∫ 0
−R2
∑
y∈B2R+1
µyu
2(y, t)dt+ 2
∑
B2R
u2
∣∣∣∣∣
t=−R2
≤
8
R2
∫
Q3R
u2 + 2
∑
B2R
u2
∣∣∣∣∣
t=−R2
. (4)
By the mean value property, there is R1 ∈ [R, 2R] such that
∑
B4R
u2
∣∣∣∣∣
t=−R21
=
1
3R2
∫ −R2
−4R2
∑
x∈B4R
µxu
2(x, t)dt.
By using (4) for R = R1 and the above equation, we get
2
∑
BR
u2
∣∣∣∣∣
t=0
+
∫
QR
Γ(u) ≤ 2
∑
BR1
u2
∣∣∣∣∣∣
t=0
+
∫
QR1
Γ(u) ≤
8
R21
∫
Q3R1
u2 + 2
∑
B2R1
u2
∣∣∣∣∣∣
t=−R21
≤
C
R2
∫
Q6R
u2 +
2
3R2
∫ −R2
−4R2
∑
x∈B4R
µxu
2(x, t)dt
≤
C
R2
∫
Q6R
u2. (5)
Note that the term
∑
BR
u2
∣∣
t=0
on the left hand side of the inequality is not needed in the
continuous setting, see [CM19, (1.5)]. We keep this term for the following estimates.
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Next we estimate
∫
QR
u2t . By differentiating in time, and by Green’s formula (2), we get
d
dt
(∑
Γ(u)η2
)
=
∑
x,y
wxy∇xyu∇xyutη
2(x)
=
∑
x,y
wxy∇xyu
(
∇xy(utη
2)− ut(y, t)∇xy(η
2)
)
= −2
∑
(∆u)utη
2 −
∑
x,y
wxyut(y, t)∇xyu∇xyη(2η(y)−∇xyη)
= −2
∑
u2tη
2 − 2
∑
x,y
wxyut(y, t)η(y)∇xyu∇xyη +
∑
x,y
wxyut(y, t)∇xyu|∇xyη|
2
=: −2
∑
u2tη
2 + I + II.
For the term I on the right hand side of the above inequality, by 2ab ≤ a2 + b2,
I ≤
∑
x,y
wxyu
2
t (y, t)η
2(y) +
∑
x,y
wxy|∇xyu|
2|∇xyη|
2
=
∑
u2tη
2 +
∑
x,y
wxy|∇xyu|
2|∇xyη|
2.
For the term II, by swapping x and y, the symmetry yields that
II =
1
2
∑
x,y
wxy∇xyu∇xyut|∇xyη|
2
=
1
4
d
dt
(∑
x,y
wxy|∇xyu|
2|∇xyη|
2
)
Combining the above estimates, we get
d
dt
(∑
Γ(u)η2
)
≤ −
∑
u2tη
2 +
∑
x,y
wxy|∇xyu|
2|∇xyη|
2 +
1
4
d
dt
(∑
x,y
wxy|∇xyu|
2|∇xyη|
2
)
.
For R ≥ 1, integrating this in time from −R2 to 0, and using the properties of η, we have
∫
QR
u2t ≤
∫ 0
−R2
∑
x,y
wxy|∇xyu|
2|∇xyη|
2 +
1
4
∑
x,y
wxy|∇xyu|
2|∇xyη|
2
∣∣∣∣∣
t=0
+
∑
Γ(u)η2
∣∣∣
t=−R2
=: III + IV +
∑
Γ(u)η2
∣∣∣
t=−R2
. (6)
For the term III in the above inequality,
III =
∫ 0
−R2
∑
x,y
wxy|∇xyu|
2|∇xyη|
2 ≤
4
R2
∫ 0
−R2
∑
x,y∈B2R+1
wxy|∇xyu|
2
≤
C
R2
∫
Q3R
Γ(u) ≤
C
R4
∫
Q18R
u2,
where we used (5) in the last inequality.
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For the term IV, it is an additional term appearing in the discrete setting. We estimate
it as follows,
IV =
1
4
∑
x,y
wxy|∇xyu|
2|∇xyη|
2
∣∣∣∣∣
t=0
≤
1
R2
∑
x,y∈B2R+1
wxy|∇xyu|
2
∣∣∣∣∣∣
t=0
≤
2
R2
∑
x,y∈B3R
wxy(u(x, t)
2 + u(y, t)2)
∣∣∣∣∣∣
t=0
≤
4
R2
∑
B3R
u2
∣∣∣∣∣
t=0
≤
C
R4
∫
Q18R
u2,
where the term
∑
B3R
u2
∣∣
t=0
is bounded by using (5). Hence by (6),
∫
QR
u2t ≤
C
R4
∫
Q18R
u2 +
∑
B2R
Γ(u)
∣∣∣∣∣
t=−R2
. (7)
By the mean value property, there is R2 ∈ [R, 2R] such that
∑
B4R
Γ(u)
∣∣∣∣∣
t=−R22
=
1
3R2
∫ −R2
−4R2
∑
x∈B4R
µxΓ(u)(x, t)dt. (8)
Applying (7) for R = R2, we get
∫
QR
u2t ≤
∫
QR2
u2t ≤
C
R42
∫
Q18R2
u2 +
∑
B2R2
Γ(u)
∣∣∣∣∣∣
t=−R22
≤
C
R4
∫
Q36R
u2 +
∑
B4R
Γ(u)
∣∣∣∣∣
t=−R22
=
C
R4
∫
Q36R
u2 +
1
3R2
∫ −R2
−4R2
∑
x∈B4R
µxΓ(u)(x, t)dt
≤
C
R4
∫
Q36R
u2 +
C
R2
∫
Q4R
Γ(u)
≤
C
R4
∫
Q36R
u2, (9)
where we have used (7) and (5).
The theorem follows from (5) and (9). 
This yields the following corollary.
Corollary 2.1. Let u ∈ Pk(G). If there are constants α,C > 0 such that
µ(BR) ≤ C(1 +R)
α, ∀R ≥ 1,
then for any m ∈ N, 4m > 2k + α+ 2,
∂mt u ≡ 0.
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Proof. We follow the argument in [CM19]2. For the sake of completeness, we include the
proof here.
Since ∂t −∆ commutes with ∂t,
(∂t −∆)∂
i
tu = 0, ∀i ∈ N.
For any R ≥ 1, applying Theorem 2.2 for ∂itu, 0 ≤ i ≤ m− 1, we get∫
QR
|∂mt u|
2 ≤
C
R4
∫
Q36R
|∂m−1t u|
2
≤ · · · ≤
C(m)
R4m
∫
Q(36)mR
u2
≤
C
R4m
µ(B(36)mR)(36)
2mR2 sup
Q(36)mR
u2
≤ CR−4m+2k+α+2.
So that for 4m > 2k + α+ 2, by passing to the limit R→ +∞, we get
∂mt u ≡ 0.
This proves the corollary.

3. Proof of Theorem 1.2
In this section, we prove the main theorem, Theorem 1.2. The proof follows verbatim
from [CM19]. We include it here for the sake of completeness. Choose m ∈ N such that
4m > 4k + α+ 2. For any u ∈ P2k(G), by Corollary 2.1, ∂
m
t u ≡ 0. Hence we have
u(x, t) = p0(x) + tp1(x) + · · ·+ t
m−1pm−1(x).
This yields that u is a polynomial in time, which is crucial for the following arguments.
This was obtained by [LZ17, Theorem 1.2] for manifolds satisfying the volume doubling
property and the mean value inequality for heat equations. It was observed by [CM19] that
the polynomial volume growth condition is in fact sufficient.
Furthermore, by the growth condition of u ∈ P2k(G), considering large t and fixed x, we
have
pi ≡ 0, ∀i > k.
This yields that
u(x, t) = p0(x) + tp1(x) + · · ·+ t
lpl(x), (10)
where l := ⌊k⌋, the greatest integer less than or equal to k.
We claim that the function pi(x), 0 ≤ i ≤ l, grows polynomially with the growth degree
less than or equal to 2k. Fix distinct values −1 < t1 < t2 < · · · < tl < tl+1 = 0, by the
computation of the Vandermonde determinant, one can show that
βj := (1, tj, t
2
j , · · · , t
l
j), 1 ≤ j ≤ l + 1,
are linear independent in Rl+1. Let ei be the standard unit vector in R
n+1. Then there are
bij ∈ R such that
ei =
l+1∑
j=1
bijβj .
2This result was proved for the manifolds satisfying stronger conditions, the volume doubling property
and the mean value inequality for heat equations, see [LZ17, Page 17].
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Using this fact and (10), we get
pi(x) =
l+1∑
j=1
biju(x, tj).
Since u(x, tj), 1 ≤ j ≤ l+1, grows polynomially with the growth degree less than or equal
to 2k, so does pi. This proves the claim.
Since ut = ∆u, by (10),
∆pl = 0, ∆pi = (i+ 1)pi+1, 0 ≤ i ≤ l − 1.
Hence we get a linear map
Ψ0 : P2k(G)→ H2k(G)
u 7→ pl.
Let K0 := Ker(Ψ0). It follows that
dimP2k(G) ≤ dimK0 + dimH2k(G).
To estimate dimK0, we note that for any u ∈ K0,
pl = 0, ∆pl−1 = 0.
Hence we have a linear map
Ψ1 : K0 → H2k(G)
u 7→ pl−1.
Let K1 := Ker(Ψ1). This yields that
dimK0 ≤ dimK1 + dimH2k(G).
Repeating this l + 1 times, we prove that
dimP2k(G) ≤ (l + 1)H2k(G)
≤ (k + 1)H2k(G).
This proves the theorem.
Acknowledgements. We thank Qi S. Zhang for many discussions and comments on
dimension estimates of ancient solutions of polynomial growth. The author is supported
by NSFC, no.11831004 and no. 11826031.
4. Appendix: Caloric polynomials on Zn
Let (Zn, S) be the Cayley graph of the free abelian group Zn with a finite symmetric
generating set S, i.e. S = S−1, where each edge has unit weight. We write Pnk = Pk(Z
n, S).
Let Z+ := N∪{0}. For any k ∈ Z+, we denote by P
k the space of polynomials of degree
less than or equal to k in Rn. For any polynomial u on Rn × R, we can write it as
u(x, t) =
m∑
i=0
pi(x)t
i,
where pi are polynomials in x ∈ R
n. The parabolic degree of u is defined as
deg(u) := max
0≤i≤m
{deg(pi) + 2i}.
For any k ∈ Z+, we denote by Pˆ
k the space of polynomials in (x, t) ∈ Rn × R of parabolic
degree at most k. By the induction argument and the Liouville theorem, following [HJLJ13],
one can prove that for any k > 0,
Pnk ⊂ Pˆ
⌊k⌋.
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This means that for any u ∈ Pnk , which is defined on Z
n × R−, one can extend it to be
a polynomial in Rn × R. By this result, to estimate the dimension of Pnk it suffices to
consider k ∈ Z+ and caloric polynomials, i.e. polynomials in (x, t) satisfying the discrete
heat eqaution.
In the following, we calculate the dimension of caloric polynomials on (Zn, S).
Theorem 4.1. For any k ∈ Z+,
dimPnk = dimP
k =
k∑
i=0
(
i+ n− 1
n− 1
)
.
This yields the following corollary.
Corollary 4.1. There are positive constants C1, C2 such that
C1k
n ≤ dimPnk ≤ C2k
n, ∀k ≥ 1.
Noting that by Theorem 1.2 and [HJLJ13, Theorem 4], we have
dimPn2k ≤ (k + 1) dimH2k(Z
n, S) ≤ Ckn, k ≥ 1.
Hence, the corollary indicates that the estimate in Theorem 1.2 is sharp for (Zn, S) in the
order of k.
We prove the following lemma.
Lemma 4.1. For any k ∈ N, k ≥ 2, the map
∆− ∂t : Pˆ
k → Pˆ k−2
is surjective.
Proof. It suffices to show that for any monomial g in Pˆ k−2, say
g = xa11 x
a2
2 · · ·x
an
n t
b, a1, a2, · · ·an, b ∈ Z+,
n∑
i=1
ai + 2b ≤ k − 2,
there is u ∈ Pˆ k such that
(∆− ∂t)u = g. (11)
We set u(x, t) =
∑b+1
i=0 pi(x)t
i, where pi are polynomials of degree at most k − 2i, to be
determined later. Then the above equation is equivalent to the following:
∆pb+1 = 0,
∆pb = (b + 1)pb+1 + x
a1
1 x
a2
2 · · ·x
an
n , (12)
∆pb−1 = bpb,
· · ·
∆p0 = p1.
We set pb+1 = 1. The following fact is useful, see [HJLJ13, Corollary 2]: For any k ∈ N,
k ≥ 2, the map
∆ : P k → P k−2
is surjective. Hence there exists pb ∈ P
k−2b such that (12) holds. Using the above fact, we
solve the above equations recursively, and obtain pi ∈ P
k−2i for all 0 ≤ i ≤ b. This yields
the desired polynomial u solving (11), and proves the lemma. 
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Proof of Theorem 4.1. By Lemma 4.1,
dimPnk = dim Pˆ
k − dim Pˆ k−2. (13)
For any k ∈ Z+, we denote by S
k the dimension of the space of polynomials of degree k
in Rn, and by Sˆk the dimension of the space of polynomials in (x, t) ∈ Rn×R of parabolic
degree k. Then
dimP k =
k∑
i=0
Si, dim Pˆ k =
k∑
i=0
Sˆi.
By (13),
dimPnk = Sˆ
k + Sˆk−1.
For any polynomial u in Rn × R of parabolic degree i, one can write it as
u(x, t) =
⌊ i2 ⌋∑
j=0
pj(x)t
j ,
where pj ∈ P
i−2j . Hence
Sˆi =
⌊ i2 ⌋∑
j=0
Si−2j .
This yields that
dimPnk = Sˆ
k + Sˆk−1 =
k∑
j=0
Sj = dimP k.
The theorem follows. 
References
[BDCKY15] Itai Benjamini, Hugo Duminil-Copin, Gady Kozma, and Ariel Yadin. Disorder, entropy and
harmonic functions. Ann. Probab., 43(5):2332–2373, 2015.
[Cal06] Maria Calle. Bounding dimension of ambient space by density for mean curvature flow. Math.
Z., 252(3):655–668, 2006.
[Cal07] Maria Calle. Mean curvature flow and minimal surfaces. Thesis (Ph.D.)-New York University,
2007.
[CCM95] J. Cheeger, T. H. Colding, and W. P. Minicozzi, II. Linear growth harmonic functions on com-
plete manifolds with nonnegative Ricci curvature. Geom. Funct. Anal., 5(6):948–954, 1995.
[CM97a] Tobias H. Colding and William P. Minicozzi, II. Harmonic functions on manifolds. Ann. of
Math. (2), 146(3):725–747, 1997.
[CM97b] Tobias H. Colding and William P. Minicozzi, II. Harmonic functions with polynomial growth.
J. Differential Geom., 46(1):1–77, 1997.
[CM98a] Tobias H. Colding and William P. Minicozzi, II. Liouville theorems for harmonic sections and
applications. Comm. Pure Appl. Math., 51(2):113–138, 1998.
[CM98b] Tobias H. Colding and William P. Minicozzi, II. Weyl type bounds for harmonic functions.
Invent. Math., 131(2):257–298, 1998.
[CM19] Tobias H. Colding and William P. Minicozzi, II. Optimal bounds for ancient caloric functions.
arXiv:1902.01736, 2019.
[Del98] Thierry Delmotte. Harnack inequalities on graphs. In Se´minaire de The´orie Spectrale et
Ge´ome´trie, Vol. 16, Anne´e 1997–1998, volume 16 of Se´min. The´or. Spectr. Ge´om., pages
217–228. Univ. Grenoble I, Saint-Martin-d’He`res, [1998].
[Gri18] Alexander Grigor’yan. Introduction to analysis on graphs, volume 71 of University Lecture
Series. American Mathematical Society, Providence, RI, 2018.
[HJ15a] Bobo Hua and Ju¨rgen Jost. Geometric analysis aspects of infinite semiplanar graphs with
nonnegative curvature II. Trans. Amer. Math. Soc., 367(4):2509–2526, 2015.
[HJ15b] Bobo Hua and Ju¨rgen Jost. Polynomial growth harmonic functions on groups of polynomial
volume growth. Math. Z., 280(1-2):551–567, 2015.
12 BOBO HUA
[HJL15] Bobo Hua, Ju¨rgen Jost, and Shiping Liu. Geometric analysis aspects of infinite semiplanar
graphs with nonnegative curvature. J. Reine Angew. Math., 700:1–36, 2015.
[HJLJ13] Bobo Hua, Ju¨rgen Jost, and Xianqing Li-Jost. Polynomial growth harmonic functions on
finitely generated abelian groups. Ann. Global Anal. Geom., 44(4):417–432, 2013.
[HLLY14] Paul Horn, Yong Lin, Shuang Liu, and Shing-Tung Yau. Volume doubling, Poincare´ inequality
and Guassian heat kernel estimate for nonnegative curvature graphs. arXiv:1411.5087, 2014.
[Kle10] Bruce Kleiner. A new proof of Gromov’s theorem on groups of polynomial growth. J. Amer.
Math. Soc., 23(3):815–829, 2010.
[Li97] Peter Li. Harmonic sections of polynomial growth. Math. Res. Lett., 4(1):35–44, 1997.
[LT89] Peter Li and Luen-Fai Tam. Linear growth harmonic functions on a complete manifold. J.
Differential Geom., 29(2):421–425, 1989.
[LZ17] Fanghua Lin and Qi S. Zhang. On ancient solutions of the heat equation. arXiv:1712.04091,
2017.
[MPTY17] Tom Meyerovitch, Idan Perl, Matthew Tointon, and Ariel Yadin. Polynomials and harmonic
functions on discrete groups. Trans. Amer. Math. Soc., 369(3):2205–2229, 2017.
[ST10] Yehuda Shalom and Terence Tao. A finitary version of Gromov’s polynomial growth theorem.
Geom. Funct. Anal., 20(6):1502–1547, 2010.
[Tao] Terence Tao. A proof of gromovs theorem. terrytao.wordpress.com/2010/02/18/a-proof-of-
gromovs- theorem/.
[Yau75] Shing-Tung Yau. Harmonic functions on complete Riemannian manifolds. Comm. Pure Appl.
Math., 28:201–228, 1975.
[Yau87] Shing-Tung Yau. Nonlinear analysis in geometry. Enseign. Math. (2), 33(1-2):109–158, 1987.
[Yau93] Shing-Tung Yau. Open problems in geometry. In Differential geometry: partial differential
equations on manifolds (Los Angeles, CA, 1990), volume 54 of Proc. Sympos. Pure Math.,
pages 1–28. Amer. Math. Soc., Providence, RI, 1993.
School of Mathematical Sciences, LMNS, Fudan University, Shanghai 200433, China; Shang-
hai Center for Mathematical Sciences, Fudan University, Shanghai 200433, China.
E-mail address: bobohua@fudan.edu.cn
